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We study the production of entangled two- and N-mode quantum states of light in optical waveg-
uides. To this end, we propose a quantum photonic circuit that produces a reconfigurable superpo-
sition of photon subtraction on two single-mode squeezed states. Under postselection, continuous
variable or discrete variable entangled states with possibilities in quantum information processing
are obtained. Likewise, nesting leads to higher-dimension entanglement with a similar design, en-
abling the generation of non-Gaussian continuous variable cluster states. Additionally, we show the
operation of the device through the generation of quantum vortex states of light and propose an
integrated device that measures their order and handedness. Finally, we study the non-Gaussianity,
nonclassicality, and entanglement of the quantum states generated with this scheme by means of
the optical field- strength distribution, Wigner function, and logarithmic negativity.
I. INTRODUCTION
Continuous-variable encoded quantum information
processing (CV-QIP) has emerged in recent years as a
solid alternative to its discrete-variable counterpart (DV-
QIP). Continuous-variable entanglement is the key ele-
ment for a great number of quantum information pro-
tocols [1]. These algorithms have been mostly carried
out with Gaussian entangled states, but demonstrations
of the inability of these states to perform entanglement
distillation protocols under certain circumstances have
been shown [2–4]. This has led to the study of non-
Gaussian states overcoming these drawbacks by means
of non-Gaussian operations [5], a prominent example of
photon-level quantum light engineering (QLE), which has
attracted great attention over the last years [6]. QLE has
interesting applications both in QIP as well as in funda-
mental quantum optics. Manipulating light at the pho-
ton level by means of subtraction and addition provides
a simple way to construct these non-Gaussian states,
like the creation of quantum states from classical states
by adding a single photon [7, 8] or the generation of
Schro¨dinger-cat-like states through conditional absorp-
tion of photons on a squeezed vacuum [9–11], as well
as testing the foundations of quantum mechanics, like
the bosonic commutation relation by means of the co-
herent superposition of photon addition followed by pho-
ton subtraction (and vice versa) [12, 13] or carrying out
loophole-free Bell tests [14, 15]. What is more, the appli-
cation of this kind of states has been recently shown in
CV quantum teleportation, showing the transfer of the
non-Gaussianity of the state [16].
Likewise, in recent times the use of the orbital angu-
lar momentum (OAM) spatial degree of freedom of opti-
cal vortex fields as a quantum information resource has
yielded ground-breaking demonstrations in QIP [17]. In
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this regard, there is a class of two-mode non-Gaussian
states with interesting related features: the quantum vor-
tex states [18]. These are entangled squeezed eigenstates
of the z component of the abstract angular momentum
operator Lˆz, in analogy with the quantum eigenstates of
the spatial OAM operator, which show interesting non-
classical properties. Other families of states have been
named quantum vortices because of its similarity with
spatial-mode optical vortices: SU(2)-transformed Fock
states [19], generalized quantum vortices [20–23], Bessel-
Gauss quantum vortex states [24, 25] or Hermite poly-
nomial quantum vortices [26]. These are strongly entan-
gled states [19, 22], being therefore interesting for CV-
QIP. In this direction, Li et al. have lately shown their
performance in a teleportation protocol [26]. Moreover,
quantum vortices have recently received attention in the
context of quantum polarization and Bohmian dynamics
[27, 28].
On the other hand, integrated photonics has led to
multiple new approaches on QIP with high success [29].
These are based on the processing of quantum states of
light in photonic circuits, either DV or CV-encoded [31],
and their measurement by single-photon detectors or ho-
modyne detection schemes, respectively [32]. The main
features for which integrated optics circuits are crucial to
QIP and quantum optics are the sub-wavelength stabil-
ity and the great miniaturization they show with respect
to bulk optics analogs, providing high-visibility quantum
interference and scalability, indispensable as the level of
complexity of the circuit increases; as well as the optical
properties of the materials which make up the waveg-
uides, enabling the generation of quantum states on chip
by means of their enhanced nonlinear features [33, 34],
the manipulation by means of their thermo-optic and
electro-optic properties [35–37]; and even the integration
of detectors in the circuit [38, 39]. This leads to high
integration density, fidelity and fast control. Therefore,
this technology has the potential to turn the real power of
quantum mechanics into reality with practical, low cost,
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FIG. 1. (Color online) Sketch of the photonic circuit proposed for engineering CV entangled quantum states. The first stage is
devoted to the generation of the quantum state (A) and pump suppression (B). The production of two single-mode squeezed
states is carried out by means of a periodically poled zone. In the inset an alternative design of the generation stage is shown
(dashed-line square). In the second stage a pair of directional couplers weakly coupled carry out non-local absorption of photons
(C). Finally, in the third stage an U(2) operation on these photons is performed by means of a reconfigurable Mach-Zehnder
interferometer (D). Measurement of these photons leads to the entanglement of the input factorable squeezed states.
standardized, interconnectable and reconfigurable com-
ponents [29].
Bearing all the above in mind, the motivation of this
article is to design a quantum circuit on-chip able to gen-
erate and manipulate CV entangled states of light by
means of directional couplers, phase shifters and condi-
tional measurement; and to show its performance with
quantum vortex states. As we will show, entanglement
is created by non-local photon absorption of two sepa-
rable states by means of directional couplers with high
transmittivity. This delocalized photon is locally ma-
nipulated by means of a reconfigurable interferometer
which produces the desired state after photon count-
ing. The quantum states thus produced hybridize ap-
pealing features of both CV (squeezed light) and DV
(single photons) [30]. Likewise, the integrated nature
of this circuit provides access to entanglement in higher-
dimension Hilbert spaces via nesting, with application in
measurement-based quantum computing [30]. Further-
more, we demonstrate the versatility of this design as
it can also be used to generate DV entangled states by
only changing the power of the input pump in such a way
that just one monolithic chip can be used in different QIP
tasks. Finally, we introduce a possible application of this
device by means of the generation of CV and DV quan-
tum vortex states. To the best of our knowledge, this is
the first proposal for the generation and manipulation of
this family of states in photonic circuits, presenting also
an integrated detection scheme able to detect the order
and handedness of the quantum vortices. We study quan-
tum features of these states like non-Gaussianity, non-
classicality and entanglement by means of their associ-
ated optical field-strength distribution, Wigner function
and logarithmic negativity.
The article is organized as follows: Section II presents
a scheme of generation of general CV and DV entan-
gled quantum states in a reconfigurable chip, focusing
afterwards on quantum vortices and studying their field-
strength probability and phase distributions, as well a
discussion about the merits of this proposal. Section III
is devoted to study the non-classicality and entanglement
through the Wigner distribution and logarithmic negativ-
ity of the generated states. Finally, the main results of
this article are summarized in Section IV.
II. CV & DV ENTANGLEMENT IN A
RECONFIGURABLE PHOTONIC CHIP
A. Device operation
Our QLE-device is pictured in Figure 1. It is made up
of three stages. The first one (Figure 1A) is devoted
to the generation of two single-mode squeezed states.
There are different approaches in integrated optics with
the ability to produce these states [29]. One of the more
widespread is the use of periodically poled waveguides.
Tailoring the nonlinearity of the material, usually lithium
niobate (PPLN) or potassium titanyl phosphate (PP-
KTP), enables quasi-phase matching of the propagation
constants (QPM) improving the efficiency of conversion
between the pump and the the desired quantum state
[40]. First order QPM is given by
∆β ≡ β(ωp)− β(ωs)− β(ωi) = 2pi
Λ
, (1)
where ∆β represents the propagation constants mis-
match between a pump photon (p) and its daughters
photons, labelled signal (s) and idler (i), caused by dis-
persion; and Λ is an appropriate period of the inverted
domains. This has been shown in the generation of both
entangled twin photons [41] and squeezed states [42] on
3chip. Likewise, generation of entanglement in different
degrees of freedom, as mode number, path, frequency
or polarization, as well as hyperentanglement has been
proposed in recent years through domain engineering on
periodically poled waveguides [43, 44].
Two different possibilities are sketched in Figure 1A.
The main one shows a two-mode waveguide pumped with
a single-mode coherent field followed by a symmetric Y
splitter and two separated waveguides with a common pe-
riodic poled grating in the substrate, where the period is
tailored such that type-I spontaneous parametric down-
conversion (SPDC) is generated [35]. The generation of
quantum light in waveguides can be mathematically rep-
resented by the Momentum operator Mˆ [45, 46]. In this
case, the corresponding Momentum related to the inter-
acting optical fields (interaction picture) for each waveg-
uide j = 1, 2, is given by
Mˆj =
1
2
∫∫∫
0χ
(2)
eff (
∑
k
Eˆj,k)
2 dxdydt, (2)
with k = i, s, p and 0 is the vacuum permittivity, χ
(2)
eff
the second order effective nonlinearity in the poling area
and the integral is performed over the transverse area of
the waveguide and the period of the waves. Likewise, the
quantum optical fields are given by
Eˆj,k ∝ aˆj,k eiβj(ωk)z e−iωkt ej,k(x, y) + h.c., (3)
with aˆj,k and ej,k(x, y) the absorption operators and the
normalized transverse vector amplitudes related to each
mode j, k, respectively. Then, pumping with a strong
coherent field and taking into account the conservation
of energy and the QPM, in such a way that the signal and
idler waves are degenerated in frequency (ωp/2 = ωs =
ωi), we obtain the following Momentum after applying
the above fields into Equation (2) and carrying out the
integrals [45]
Mˆ Ij (Γ) = −
i~
2
(Γaˆ†2j − Γ∗aˆ2j ), (4)
with Γ a nonlinear coupling constant which depends on
the pump intensity, the effective nonlinearity of the ma-
terial χ
(2)
eff , the mode mismatch and the QPM.
On the other hand, the inset in Figure 1A sketches
a second possibility: a two-mode waveguide with a pe-
riodic poled grating satisfying simultaneously QPM for
the two modes in a type-0 SPDC followed by a symmet-
ric Y junction. In this case, a coherent pump excited
in the odd spatial mode produces a two-mode squeezed
vacuum excited in both the even and odd spatial modes
of the waveguide which are set to be degenerated in fre-
quency. The selection of the pump mode as odd is related
to the overlap integral of the transverse profiles of the in-
teracting modes, which would be zero if the pump mode
is even [43]. The excitation of the odd mode of this two-
mode waveguide could be carried out by means of a bi-
nary phase plate transforming the spatial structure of the
pump from a Gaussian to a first-order Hermite-Gaussian
mode, before entering the waveguide [47]. The Momen-
tum operator related to this two-mode periodically poled
waveguide is then given by
Mˆ II = −i~(Γ′aˆ†oaˆ†e − Γ′∗aˆoaˆe), (5)
where o and e stand here for the first (even) and second
(odd) excited guided modes. The light finds then the
symmetric Y junction afterwards. This device performs
the following transformation(
aˆo
aˆe
)
≈ 1√
2
(
1 −1
1 1
)(
aˆ1
aˆ2
)
, (6)
where we have used the approximation since part of the
light is lost in the junction in the form of radiation modes.
Applying Equation (6) into Equation (5), the next Mo-
mentum operator is obtained
Mˆ II →
∑
j=1,2
Mˆ Ij (Γ
′). (7)
It should be outlined that this generation scheme is less
efficient than the first one, since the spatial overlap be-
tween the the pump and the SPDC modes is not as good
as in the first case, due to their different spatial par-
ity. Likewise, in this case part of the entangled quan-
tum states generated in the PPLN zone would be lost
at the Y junction, lowering the flux of quantum light.
Both schemes lead then to two degenerated single-mode
squeezed vacuum states spatially separated, each one
given by the following propagation operator
Sˆj(ζ) = e
i
~ MˆjLp = e
1
2 (ζaˆ
†2
j −ζ∗aˆ2j ), (8)
where Lp is the length of the poling area and ζ ≡ reiθs =
ΓLp (or Γ
′Lp) is the complex squeezing parameter gen-
erated in the poling area. We outline here that we have
chosen above type-I and type-0 SPDC processes in order
to have the same polarization in both the signal and idler
guided modes.
Moreover, the pump can be filtered by means of prop-
erly designed wavelength dependent directional couplers
(DC) [35, 48], as shown in Figure 1B. This operation is
given in terms of operators by
Bˆj l(θj(ω)) = e
−i(θj(ω)/2)σˆx , (9)
where we have defined θj(ω) ≡ 2κ(ω)LF and κ(ω) is
the frequency-dependent coupling strength of the direc-
tional coupler of length LF and σˆx = aˆj aˆ
†
l + aˆ
†
j aˆl is
the corresponding Pauli operator. Bˆj l stands for a di-
rectional coupler with reflectivity rj = sin(θj(ω)/2) and
transmittivity tj = cos(θj(ω)/2). In our case these de-
vices are designed such that they fully reflect the pump
(θ(ωp) = pi) towards the ancillary waveguides l and trans-
mit the squeezed vacuum (θ(ωs) = 2pi) through the sig-
nal waveguides j = 1, 2. Therefore, we obtain after this
4stage the following factorable two single-mode squeezed
vacuum state
|ΨB〉 = Sˆ1(ζ)Sˆ2(ζ)|01 02〉 ≡ |0ζ 1 0ζ 2〉, (10)
where |0ζ〉 accounts for the single-mode squeezed vac-
uum.
The second stage (Figure 1C) is comprised of two di-
rectional couplers with high transmittivity, where a small
fraction of each mode is reflected and sent to the third
stage. The mixing of modes 1 and 3 on one hand and 2
and 4 on the other, produces the following state
|ΨC〉 = Bˆ13(θ1)Bˆ24(θ2)|0ζ 1 0ζ 2 03 04〉, (11)
where θj ≡ θj(ωs). As input modes 3 and 4 are in the
vacuum, using the disentangling theorem for the SU(2)
group [6], we can write
|ΨC〉 = e−i tan(θ1/2)aˆ1aˆ
†
3 t
aˆ†1aˆ1
1 e
−i tan(θ2/2)aˆ2aˆ†4 taˆ
†
2aˆ2
2
× |0ζ 1 0ζ 2 03 04〉,
(12)
which under the conditions of high transmittivity t1,2 ≈ 1
and moderate squeezing can be approximated by [12]
|ΨC〉 = (1− i r1
t1
aˆ1aˆ
†
3)(1− i
r2
t2
aˆ2aˆ
†
4)|0ζ 1 0ζ 2 03 04〉, (13)
where single photons propagating through the lossy chan-
nels 3 and 4 appear with a certain probability.
The last stage is an integrated Mach-Zehnder interfer-
ometer (MZI) composed of two 3 dB directional couplers
with an active phase shifter in between, preceded by an-
other phase shifter, with the modes 3 and 4 as input
states (Figure 1D). This device performs any U(2) oper-
ation on the input states adjusting the values of φ1 and
φ2, being these the phases generated by the two phase
shifters, respectively. The fidelity of this kind of de-
vices has been thoroughly demonstrated along the last
decade with both electro-optic and thermo-optic mate-
rial supports [37, 50–52]. If the material support se-
lected is lithium niobate, considering the waveguides
surrounded by electrodes, the phase shift is given by
φ = n3rV piLE/λd, with n the ordinary or extraordinary
refractive index on the material for a given wavelength
λ, depending on the input polarization, r the relevant
component of the second order nonlinear tensor, V the
applied voltage, LE the length of the electrodes and d the
distance between them. In the case of the MZI, two re-
versed electrodes are used in order to lower the required
voltage by a factor of two compared with an only phase
shifter. A switching efficiency of ≈ 98% and switching
times of 4 ns have been reported with a MZI configura-
tion [51]. Likewise, this operation could be carried out
with an alternating ∆β directional coupler, which could
improve the integration density and fidelity of the oper-
ation, as proposed in [53]. Then, applying this transfor-
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FIG. 2. (Color online) Plots of probability (upper figure) and
phase (lower figure) densities of a CV circular quantum vortex
with squeezing factor r = 0.3 and η′ = 1.
mation on |ΨC〉 we have the following state [49]
|ΨD〉 = Uˆ34(φ1, φ2)|ΨC〉
= {1− i r1
t1
eiφ1/2aˆ1[cos(φ2/2)aˆ
†
3 + sin(φ2/2)aˆ
†
4]
− i r2
t2
e−iφ1/2aˆ2[− sin(φ2/2)aˆ†3 + cos(φ2/2)aˆ†4] +O(r2)}
× |0ζ 1 0ζ 2 03 04〉,
(14)
where Uˆ34(φ1, φ2) = e
iφ2σˆy/2 eiφ1σˆz/2 and σˆy and σˆz are
the well known Pauli operators. The terms quadratic in
the reflectivity are neglected since large transmittivity is
considered.
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FIG. 3. (Color online) Plots of probability (upper figure)
and phase (lower figure) densities of a CV elliptical quantum
vortex with squeezing factor r = 0.3 and η′ = 5.
B. CV quantum vortex states
Next, we present a post-selection method to generate
non-Gaussian CV entangled states. It is easy to see that
the detection of a photon in the modes 3 or 4 will herald
the subtraction of a delocalized photon, generating the
following entangled states
〈1304|ΨD〉 ∝
[
r1
t1
cos(φ2/2)aˆ1 − r2
t2
sin(φ2/2)e
−iφ1 aˆ2]|0ζ 1 0ζ 2〉, (15a)
〈0314|ΨD〉 ∝
[
r1
t1
sin(φ2/2)e
iφ1 aˆ1 +
r2
t2
cos(φ2/2)aˆ2]|0ζ 1 0ζ 2〉. (15b)
These measurements can be carried out with single-
photon avalanche photodiodes (SPADs) or superconduct-
ing single photon detectors (SSPDs), inter alia [54].
Moreover, taking into account the single-mode squeez-
ing Bogoliubov transformation [55]
Sˆ†(ζ)aˆSˆ(ζ) = aˆ cosh(r) + aˆ† sinh(r) eiθs , (16)
we can write Equations (15) as follows:
〈1304|ΨD〉 ∝ |1ζ10ζ2〉−η tan(φ2/2)e−iφ1 |0ζ11ζ2〉, (17a)
〈0314|ΨD〉 ∝ |1ζ10ζ2〉+ η cot(φ2/2)e−iφ1 |0ζ11ζ2〉, (17b)
with η = r2t1r1t2 and where |1ζ〉 = Sˆ(ζ)aˆ†|0〉 accounts for
a squeezed single photon. Both states are two-mode
strongly entangled states, as we will see in the next sec-
tion. Fixing the phase φ1 to any value (2n − 1)pi/2 we
obtain an elliptical vortex state, with a degree of ellip-
ticity dependent on the values of φ2 and η. Focusing
on Equation (17a), we can write the elliptical quantum
vortex as
|Ψ〉 = 1√
1 + η′2
(|1ζ10ζ2〉+ (−1)ni η′|0ζ11ζ2〉), (18)
where we have defined η′ = η tan(φ2/2) as an elliptic-
ity factor. It is important to outline that this approach
enables the manipulation of the quantum state as well
as correct fabrication errors or asymmetries between the
couplers B1 3 and B2 4, represented by values of η 6= 1.
Likewise, adjusting the phase of the second phase shifter
such that φ2 = 2 arctan(η
−1) (or φ2 = 2 arctan(η) in Eq.
(17b)) we obtain the vortex state of the quantized optical
field or circular quantum vortex [18]
|Ψ〉 = 1√
2
(|1ζ10ζ2〉+ (−1)ni |0ζ11ζ2〉). (19)
The vorticity field is better visualized in the optical
field-strength space (sometimes referred as configuration-
space-like space). In this representation E is the eigen-
value of the optical field-strength operator Eˆ = (aˆ +
aˆ†)/
√
2, proportional to the first quadrature of the opti-
cal field, and analogously Pˆ = −i(aˆ−aˆ†)/√2 is related to
the second quadrature [56]. Then, the normalized wave-
function corresponding to the quantum state heralded
when a click in mode 3 is measured is given by [55]
Ψ(E1, E2) =
√
2
pi(1 + η′2)e4r
(E1 + (−1)n iη′ E2) e−
E21+E22
2e2r ,
(20)
where we have chosen ζ real. Figures 2 and 3 show
the probability P = |Ψ(E1, E2)|2 and phase ϕ =
arg{Ψ(E1, E2)} densities for a squeezing factor r = 0.3
and different values of η′, namely a circular squeezed
vortex for η′ = 1 (Figure 2) and an elliptical squeezed
vortex for η′ = 5 (Figure 3). Comparing the probability
6densities it is easy to visualize the lack of symmetry as
the value of η′ moves away from 1. Likewise, comparing
the phase densities we can see the appearance of a phase
step as ellipticity increases.
It is important to outline here that the circular
squeezed vortex is an eigenstate of the abstract angu-
lar momentum operator Lˆz = −i(Eˆ1∂E2 − Eˆ2∂E1) with
eigenvalues ±1, so the vortex state carries an orbital an-
gular momentum of ±~. This fact could be interesting
for implementing specific CV-QIP protocols. In this re-
spect, this operator can be implemented by means of a
3 dB DC with two photon number-resolving detectors
(PNRDs) connected at its outputs [57]. This is easily
proved applying the operator which represents the DC,
given by Equation (9) with θ(ωs) = pi/2, on the abstract
angular momentum operator above presented
Lˆ′z = Bˆ12(pi/2) Lˆz Bˆ
†
12(pi/2) = nˆ
′
1 − nˆ′2, (21)
where nˆ′j = aˆ
′†
j aˆ
′
j is the photon number operator related
to each mode j and the prime denotes the output modes
related to the DC. Therefore, measuring the difference of
number of photons at each output 1′ and 2′, we can ob-
tain the order and abstract handedness of the quantum
vortex associated to the modes 1 and 2. This supports
the use of this kind of states in a hybrid QIP, where DV
information is transported by a CV channel, and recov-
ered by this measurement technique. Moreover, it should
be remarked that the use of SPADs in the measurement
of the ancillary photons results in the conditional state to
be mixed, since photodiodes do not resolve the number of
photons, but under the conditions above outlined, specif-
ically high transmittivity of the directional couplers and
moderate squeezing, the resultant state is close to the
ideal one [6]. This fact is fully prevented if SSPDs are
used. However, if necessary, a model of inefficient detec-
tion which could be readily adapted to this scheme to
fit real data from an experiment has been introduced in
[58].
Likewise, we would like to outline that higher Hilbert
dimensions are accessible by this scheme via the nesting
of periodically poled waveguides and 3 dB DCs. This is
achieved by means of the multimode non-local absorption
of one photon from a number of single-mode squeezed
vacua excited in different waveguides. To illustrate, a
three-mode CV entangled state could be produced by the
generation of three squeezed vacua in the waveguides 1, 2
and 3 in a similar way as that shown above (Figure 1A),
and the absorption of photons by means of four weak
DCs, as shown in Figure 4. The quantum state after
going through these couplers would be given by
|Ψ〉 = (1− i r1
t1
aˆ1aˆ
†
4)(1− i
r2√
2t2
aˆ2(aˆ
†
5 + aˆ
†
6))
(1− i r3
t3
aˆ3aˆ
†
7)|0ζ 1 0ζ 2 0ζ 3 04 05 06 07〉. (22)
The photons coupled to the lossy channels find then a
series of 3 dB DCs which erase the information about
Multimode non-local absorption
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FIG. 4. (Color online) Sketch of the photonic circuit proposed
for engineering three-mode CV entangled quantum states. A
click in detectors D1 or D2 heralds the entangling of the three
input states.
the source from which the photon is absorbed. The mea-
surement of one photon in detector D1 would herald the
entangling of the three single-mode squeezed states in the
following way
〈1D1|Ψ〉 ∝ r1
t1
|1ζ 1 0ζ 2 0ζ 3〉
+
r2
t2
eipi/4|0ζ 1 1ζ 2 0ζ 3〉+ r3
t3
eipi/2|0ζ 1 0ζ 2 1ζ 3〉.
(23)
A similar outcome would be obtained detecting a pho-
ton with detector D2. In this configuration, the entan-
gled modes are collected into fibers by means of grat-
ing couplers. This scheme can be easily widened to a
higher number of modes at the cost, however, of lowering
the probability of generation of the state, since some of
the absorbed photons are lost. Additionally, an adapted
scheme to temporal multiplexing with heralding could
be used to get access to ultra-large number of entangled
modes [59].
It should be noted that the states thus produced are
interesting in the context of continuous variable cluster
states. Recently, it has been demonstrated that non-ideal
Gaussian cluster states would present limitations in long
computations [60], introducing the necessity of a resource
of non-Gaussian states for measurement-based quantum
computing [30]. This device could act as a generator of
path-encoded non-Gaussian CV cluster states.
C. DV quantum vortex states
Additionally, it is interesting to note that this device
could be also used for a second purpose. If instead of
7being interested on CV we move to DV-QIP, this design
shows the ability to produce entanglement as well. This
is directly carried out by lowering the power of the input
pump, in such a way that two-photon states are gener-
ated at the waveguides 1 and 2. Taking the lower terms
of the the single-mode squeezing operator given by Equa-
tion (8), we would have at each waveguide j the following
quantum state [55]
|0ζ j〉 ≈ 1√
cosh(r)
(|0j〉+ e
iθs tanh(r)√
2
|2j〉), (24)
having a two-photon state with a certain probability. We
have neglected here higher-order photon-number states
since they will be produced with a very low probabil-
ity in this regime. Substituting these states in Equation
(14), and following the same steps above outlined for the
generation of CV quantum vortex states, the heralded
output quantum states after detection of a single photon
in modes 3 or 4 would be given by
〈1304|ΨD〉 ∝ |1102〉 − η tan(φ2/2)e−iφ1 |0112〉, (25a)
〈0314|ΨD〉 ∝ |1102〉+ η cot(φ2/2)e−iφ1 |0112〉, (25b)
in such a way that adjusting the phases φ1 and φ2 we have
any state on the Bloch sphere, or a qubit. Choosing odd
multiples of pi/2 for φ1 we obtain again quantum states
as these given by Equation (18) for r = 0. These are
non-squeezed elliptical vortex states. Likewise, setting
the second phase shifter in the MZI in such a way that
φ2 = 2 arctan(η
−1) (or φ2 = 2 arctan(η)), we will have a
circular non-squeezed quantum vortex, eigenstate of Lˆz
as well. The abstract angular momentum is in this case
±~ per photon. Figure 5 is devoted to show the probabil-
ity densities corresponding to these non-squeezed vortex
states for values of η′ = 1 and 5 in order to compare with
those shown in Figures 2 and 3. Note the higher local-
ization of these states in the optical field-strength space
reaching larger values of probability in comparison with
their squeezed counterparts. The phase densities will be
the same as those sketched in Figures 2 and 3.
D. Discussion
Now, we address some of the merits that this scheme
shows. Firstly, we would like to point out that a
similar scheme has been proposed in bulk optics with
polarization-encoded Schro¨dinger kittens [58, 61]. How-
ever, our integrated scheme presents noteworthy differ-
ences as well as new possibilities. Current technology has
shown recently the ability to generate in few-centimeters-
in-size chips bright squeezed light [42] as well as both
high-fidelity manipulation [37] and fast modulation [51]
of quantum states of light. We can estimate the perfor-
mance of our device with experimentally available param-
eters. Propagation losses around ≈ 0.3 dB cm−1 have
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FIG. 5. (Color online) Plots of probability density of DV
quantum vortex states with η′ = 1 (circular, upper figure)
and 5 (elliptical, lower figure).
been reported in a quantum relay chip in the telecom-
munication C band [50]. Such advanced device showed
geometrical losses of ≈ 1 dB due to the sinusoidal bends
related to the DCs. Likewise, a SPDC photon flux as
high as 1.4× 107 pairs nm−1 mW−1 s−1 in a 1 cm-long
PPLN waveguide operating in the telecom C and L bands
has been recently reported [35]. With these parameters,
considering a typical value of 1 dB in the output coupling
losses using micro-lenses systems (guide-to-fibre), SSPDs
in the lossy channels with typical detection efficiencies of
≈ 10% and a transmittivity of 99% in the DCs related
to the non-local absorption stage (Figure 1C), a flux of
≈ 1.25×104 nm−1 mW−1 s−1 entangled quantum states
would be measured in a 5 cm-long chip after the PPLN
zone. It is important to outline that this figure could
8be improved by the optimization of the propagation effi-
ciency (losses as low as 0.1 dB cm−1 have been reported)
and with the use of high-efficiency detectors, like the fu-
ture superconducting nanowire-based single photon de-
tectors [38].
Likewise, guided modes of light have also proven to
be robust carriers of quantum information over long dis-
tances and in various degrees of freedom [29]. Specifi-
cally, our approach is compact and polarization indepen-
dent which, on the one hand, increases the stability and
gets rid of insertion losses; and, on the other hand, allows
long-distance transmission, since polarization maintain-
ing fibers which show higher losses than standard fibers
are not necessary in order to guide the output light. It
also presents access to an universal set of states as well as
error tolerance to the fabrication defects or asymmetries
in the couplers responsible of the non-local absorption of
photons, thanks to the reconfigurable circuit of stage 3, in
addition to the capacity of dealing with higher-dimension
quantum states in a reasonable size by means of nesting
(scalability), issues difficult to manage with bulk optics
circuits. Furthermore, our proposal shows the novel abil-
ity of generation of both CV and DV entangled quantum
states in the same device by only changing the measure-
ment configuration in a such a way that just a monolithic
circuit can be applied on different QIP tasks. Another
interesting feature of this scheme is an improvement of
a factor of two in the probability of generation of the
non-Gaussian states in comparison with other proposals
where only one lossy channel is used. However, it could
be argued that with this configuration the probability of
success in the generation of DV entangled states is low
in comparison with other current methods [35]. This is
the price to be paid in this hybrid configuration. This
issue could be sorted out via the use of tunable electro-
optic directional couplers [50, 53] in the second stage of
the circuit (Figure 1C), with the aim of acting as a 3
dB directional couplers and sending, with a probability
of 50% for each channel 1 and 2, one photon to the lossy
channels 3 or 4, respectively.
Additionally, we would like to outline that this scheme
could be also used in entangled coherent state QIP. The
squeezed vacuum and squeezed single photon states are
also known as even and odd Schro¨dinger kittens, re-
spectively, due to the high fidelity they show with odd
Schro¨dinger cats for low values of squeezing [10, 62].
They can be written as
|0ζ〉 ∝ |α〉+ | − α〉, |1ζ〉 ∝ |α〉 − | − α〉. (26)
Using this representation in, for instance, Equation (17a),
we obtain
〈1304|ΨD〉 ∝C−(|α〉1|α〉2 − | − α〉1| − α〉2)
+C+(|α〉1| − α〉2 − | − α〉1|α〉2), (27)
with C± = 1 ± η tan(φ2/2)e−iφ1 . It has been shown
that two-mode entangled coherent states of this kind can
perform quantum teleportation and rotations of coher-
ent qubits [58, 63], opening the possibilities of this inte-
grated device in coherent quantum communications and
quantum computation through the tuning of the coeffi-
cients C±(φ1, φ2). In fact, applying the scheme proposed
in Figure 4 in this representation, cluster-type entangled
coherent states could be produced [64].
Finally, it is noted that the use of a directional cou-
pler in the generation of a different family of quantum
vortices has been dealt with in [20], but in that proposal
neither the problem of generation of the non-Gaussian
states necessary to produce vorticity nor the reconfigura-
bility necessary for manipulation and the measurement
of these states were covered.
Now, in the next section we study the quantum fea-
tures of the quantum states produced by this device.
III. NON-CLASSICALITY AND
ENTANGLEMENT
We start this section studying the negativity of
the Wigner function to assess qualitatively the non-
classicality and of the quantum states generated with this
scheme. We would like to outline that these features are
related with the non-Gaussian nature of these states. As
the relative phase does not affect the non-classicality and
the entanglement of the quantum states presented above,
we focus our attention on the quantum vortices without
loss of generality. In order to simplify the calculation we
start with the following ansatz
|L〉 = 1√
1 + η′2
{|10〉+ iη′|01〉}. (28)
This state is an elliptical DV quantum vortex, equivalent
to an elliptical CV quantum vortex given by Equation
(18) if ζ = 0 is chosen. The Wigner function of this
state can be readily worked out by the usual methods
obtaining [65]
W|L〉(α1, α2) =
4
pi2 (1 + η′2)
e−2(|α1|
2+|α2|2)
{(4|α1|2 − 1) + η′2(4|α2|2 − 1)− 8η′|α1||α2| sin(δ1 − δ2)},
(29)
where αj ≡ |αj |eiδj = (Ej + iPj) with j = 1, 2. This is
clearly a non-Gaussian Wigner function. The regions of
phase space with negative values of this function give a
qualitative measure of the non-classicality of the state,
since classical states are positive along the entire space.
They are given by the following condition
|α1|2+η′2|α2|2−2η′|α1||α2| sin(δ1−δ2) < 1 + η
′2
4
. (30)
So this points out the non-classicality of the DV quantum
vortices given by Equations (25) when φ1 = ±pi/2, since
there are a great number of values of α1, α2 and φ2 which
fulfill the condition (30) for a given η′. For instance, in
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FIG. 6. (Color online) Plot of the Wigner function related
to a CV circular quantum vortex with r = 0.3. We have set
δ1 = pi/2 and δ2 = 0 in order to represent it in two dimensions.
the case of a DV circular quantum vortex, the following
condition is obtained
|α1|2 + |α2|2 − 2|α1||α2| sin(δ1 − δ2) < 1/2. (31)
Next, we pay attention on CV quantum vortices given
by Equation (18). With the help of the following relation
between density matrices related by a squeezed transfor-
mation [55]
ˆ˜ρ = Sˆ(ζ)ρˆSˆ†(ζ)→W ˆ˜ρ(α) = Wρˆ(α˜), (32)
where α˜ = α cosh(r)− α∗eiθs sinh(r), we can directly re-
late the Wigner function for the ansatz above calculated,
Equation (29), with the Wigner function of the family of
quantum states given by Equations (17) by only exchang-
ing αj by α˜j in that equation. This of course keeps the
non-Gaussian shape of the Wigner function. Likewise,
the negative regions are also obtained with the same sub-
stitution in Equation (30). For instance, setting ζ real
we have
|α1 er|2+η′2|α2 e−r|2−2η′|α1||α2| sin(δ1−δ2) < 1 + η
′2
4
.
(33)
It is shown in Figure 6 a plot of the Wigner function
corresponding to a circular CV vortex state (η′ = 1) with
a real squeezing factor with value r = 0.3 and where we
have set δ1 = pi/2 and δ2 = 0 in order to be able to sketch
it in two dimensions [66]. It is easy to see that it takes
on negative values along a large area of the phase space,
as given by Equation (33).
On the other hand, we are interested on a quantita-
tive measure of entanglement. To this end we choose
here the logarithmic negativity because of its appealing
properties. Namely, that it is computable, additive and
provides an upper bound on the efficiency of distillation,
so it measures to which extent a quantum state is use-
ful for a certain QIP protocol or how many resources are
needed to produce it. This is defined by [67]
E = log2(1 + 2N ), (34)
withN the modulus of the sum of all negative eigenvalues
of the partial transpose of the density matrix associated
to the state to be measured. Furthermore, for pure states
Equation (34) can be written as
E = 2 log2
(∑
α
cα
)
, (35)
where cα are the Schmidt coefficients of the pure state in
a suitable orthonormal basis e
(j)
α , with j = 1, 2 [67]. For
a given squeezing, the maximum CV entangled vortex
states will be the circular ones given by Equation (19).
With the help of the circular basis
bˆ1 =
aˆ1 − i einpi aˆ2√
2
, bˆ2 =
aˆ1 + i e
inpi aˆ2√
2
, (36)
we can easily work out the Schmidt decomposition of the
circular quantum vortex given in Equation (19). In this
basis the state can be written as
|Ψ〉 = Sˆ12(ζ) bˆ†1 |01 02〉, (37)
where Sˆ12(ζ) = exp {ζbˆ†1bˆ†2 − ζ∗bˆ1bˆ2} is the two-mode
squeezing operator. Applying the decomposition of the
two-mode squeezing operator for ζ = r (Appendix A),
we can write the state in the circular Fock basis as
|Ψ〉 =
∞∑
n=0
cn(r)|n+ 1, n〉, (38)
with cn(r) =
√
n+ 1 tanhn(r)/ cosh2(r) the correspond-
ing Schmidt coefficients. Setting these values on Equa-
tion (35), we have
E = 2 log2
[
cosh−2(r) (1 +
∞∑
n=1
√
n+ 1 tanhn(r) )
]
.
(39)
So entanglement quickly increases with squeezing and,
in the limit of no squeezing (r = 0), the state would
be fully untangled (E = 0), since it would be equiva-
lent to not having quantum light within the chip at all.
It is interesting to note that the same logarithmic nega-
tivity has been obtained studying the generalized vortex
state produced by means of photon subtraction from a
two-mode squeezed vacuum [22]. It should be outlined
however, that these states present different quantum fea-
tures. For instance, they are not eigenstates of Lˆz, as
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FIG. 7. (Color online) Ratio between the logarithmic negativ-
ity of CV vortex states and that corresponding to a two-mode
squeezed vacuum over a range of values of the squeezing pa-
rameter r and different values of ellipticity given by Φ.
could be readily shown by calculating the expected value
of the abstract angular momentum.
Generalizing the above result to CV elliptical vortex
states, E will decrease as the ellipticity η′ tends to zero
in the following way
E = 2 log2
(∑
n
|cn(r,Φ)|
)
=
2 log2
[
cosh−2(r sin(2Φ))(1 +
∞∑
n=1
√
n+ 1| tanhn(r sin(2Φ))|)
]
,
(40)
where we have defined Φ = arctan(η′) and |cn(r,Φ)| are the
Schmidt coefficients, which recover the circular vortex state
for Φ = (2l + 1)pi/4 (|cn(r, (2l + 1)pi/4)| ≡ cn(r)), with l any
integer. A detailed calculation of this Equation is shown in
Appendix A. On the other hand, unlike CV quantum vortices,
DV vortex states keeps the value of logarithmic negativity
equal to 1 for any Φ different of pi/2 [55], since there are
always an eigenbasis which diagonalizes the state (Equation
(42) with Φ = φ2/2).
Therefore, the most interesting states in terms of entangle-
ment presented here are the CV quantum vortices. In order
to visualize the degree of entanglement these states reach, we
use the ratio between the logarithmic negativity of the quan-
tum vortices and that corresponding to a two-mode squeezed
vacuum, 2 log2(e
r), given by the following relation [22]
E˜ =
(∑
n
cn(r,Φ) e
−r
)2
. (41)
In Figure 7 this ratio is shown over a range of values of r and
for various values of ellipticity Φ (or equally η′). It is noted
that E˜ > 1 for Φ = pi/4 (solid, blue), in such a way that the
circular vortex state entanglement increases faster and higher
with squeezing than that related to the two-mode squeezed
vacuum. Even for values different but close to pi/4 the state
keeps a strong entanglement for moderate values of squeezing
(dashed, red). As we get closer to values of Φ multiples of pi,
the state becomes linearized, or experiences a lost of symme-
try (Figure 2 vs Figure 3), and the entanglement diminishes
with r, such that E˜ → 0 (dot-dashed, green & solid, cyan).
In the limit of Φ = pi/2 the state is fully untangled and E˜ = 0
(dot, magenta). It is interesting to note that we observe an in-
verse relationship between generalized quantum polarization
in the optical field-strength space and entanglement [68, 69].
The lack of symmetry in this space increases the polarization
degree and decreases the entanglement.
IV. CONCLUSIONS
In this article we have proposed a monolithic quantum pho-
tonic circuit for QLE via a reconfigurable superposition of
photon subtraction on two single-mode squeezed states pro-
duced with periodically poled waveguides, directional cou-
plers and phase shifters. This scheme allows the generation of
both CV and DV strongly entangled quantum states of light
in general, and quantum vortices in particular, on the same
chip, modifying only the power of the input pump from which
the quantum states are generated. We have demonstrated
the ability of nesting that this design presents, increasing the
number of dimensions of CV entanglement and thus showing
a great potential in future integrated applications for QIP.
Moreover, we have studied the application of this device to
the production, manipulation and detection of photonic quan-
tum vortex states, showing a measurement scheme of vortic-
ity order and abstract handedness with possibilities in QIP.
We have also studied relevant quantum properties like non-
Gaussianity, non-classicality and entanglement, via the opti-
cal field-strength probability distributions, Wigner function
and logarithmic negativity. Specifically, we have shown this
scheme produces large values of entanglement for moderate
values of squeezing.
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APPENDIX A
With the help of the following transformation(
bˆ1
bˆ2
)
=
(
cos(Φ) −i einpi sin(Φ)
sin(Φ) i einpi cos(Φ)
)(
aˆ1
aˆ2
)
, (42)
where Φ = arctan(η′), we can readily rewrite Equation (18)
in the new basis as
|Ψ〉 = Sˆ1(r cos(2Φ)) Sˆ2(−r cos(2Φ)) Sˆ12(r sin(2Φ)) |1102〉.
(43)
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The single-mode squeezing operators Sˆ1 and Sˆ2 in the pre-
vious Equation do not contribute to entanglement since they
can be cancelled out by local unitary operations on each mode
[70], so they can be neglected in this calculation onwards. Ap-
plying the decomposition theorem of the two-mode squeezing
operator
Sˆ12(r) = e
tanh(r) bˆ
†
1 bˆ
†
2 e− ln cosh(r)(bˆ
†
1 bˆ1+bˆ
†
2 bˆ2+1) e− tanh(r) bˆ1 bˆ2 ,
(44)
we obtain the following state
|Ψ′〉 =
∞∑
n=0
cn(r,Φ)|n+ 1, n〉, (45)
with cn(r,Φ) =
√
n+ 1 tanhn(r sin(2Φ))/ cosh2(r sin(2Φ))
and where we have applied the local operations above dis-
cussed, that is |Ψ′〉 = Sˆ1(−r cos(2Φ)) Sˆ2(r cos(2Φ)) |Ψ〉. Since
these coefficients can show negative values, we calculate the
negativity N of this state, given by N = |∑k λk|, with λk the
negative k eigenvalues of the partial transpose of the density
operator ρˆPT . From Equation (45) the partial transpose is
ρˆPT =
∞∑
n,m=0
cn(r,Φ)cm(r,Φ) |n+ 1,m〉〈m+ 1, n|. (46)
We can diagonalize the non-positive terms (n 6= m) of this
matrix by means of the following eigenvectors
(|n+ 1,m〉+ |m+ 1, n〉)(〈n+ 1,m|+ 〈m+ 1, n|),
(|n+ 1,m〉 − |m+ 1, n〉)(〈n+ 1,m| − 〈m+ 1, n|), (47)
with eigenvalues ( cncm
2
,− cncm
2
), respectively. Therefore the
negativity is given by
N = 1
2
|
∑
n 6=m
cn(r,Φ) cm(r,Φ)|, (48)
and the logarithmic negativity (Equation (34)) is
E = log2
1 + |∑
n 6=m
cn(r,Φ) cm(r,Φ)|
 . (49)
By taking into account that
∑
n c
2
n(r,Φ) = 1, we finally obtain
E = 2 log2
(∑
n
|cn(r,Φ)|
)
. (50)
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